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SUBSEQUENT SINGULARITIES OF MEAN CONVEX MEAN
CURVATURE FLOWS IN SMOOTH MANIFOLDS
QI DING
Abstract. For any n-dimensional smooth manifold Σ, we show that all the singularities
of the mean curvature flow with any initial mean convex hypersurface in Σ are cylindrical
(of convex type) if the flow converges to a smooth hypersurface M∞ (maybe empty) at
infinity. Previously this was shown (i) for n ≤ 7, and (ii) for arbitrary n up to the first
singular time without the smooth condition on M∞.
1. Introduction
Singularities of mean curvature flow are unavoidable if the flow starts from a closed
embedded hypersurface in Euclidean space. When the initial hypersurface is mean convex
in Euclidean space, the mean curvature flow (level set flow) preserves mean convexity. So
we sometimes call it mean convex mean curvature flow.
Huisken-Sinestrari obtained the convexity estimate for mean convex mean curvature
flow [9–11] and the cylindrical estimate for mean curvature flow of two-convex hypersurface
[11], respectively. In particular, any smooth rescaling of the singularity in the first singular
time is convex by [9, 10]. B. White in [15, 16] showed that any singularity of mean convex
mean curvature flow which occurs in the first singular time, must be of convex type. Here,
a singular point x of the flow Mt has convex type if
(1) any tangent flow at x is cylindrical, namely, a multiplicity one shrinking round
cylinder Rk × Sn−k for some k < n.
(2) for each sequence xi ∈Mt(i) of regular points that converge to x,
lim inf
i→∞
κ1(Mt(i), xi)
H(Mt(i), xi)
≥ 0,
where κ1, κ2 · · · , κn are the principal curvatures with κ1 ≤ κ2 · · · ≤ κn, and H =
∑
i κi >
0. Furthermore, White [16, 18] showed that all the singularities of mean convex mean
curvature flow in Euclidean space are of convex type. And see [1, 8, 14] for more results in
this direction. On the other hand, Colding-Minicozzi [4] showed that the only singularities
of generic mean curvature flow in R3 are spherical or cylindrical. In [3] Colding-Ilmanen-
Minicozzi obtained a rigidity theorem for round cylinders in a very strong sense.
In the aspect of structure of the singular set of mean curvature flow, White [15] showed
that parabolic Hausdorff dimension of the space-time singular set is n − 1 at most for
mean convex mean curvature flow in Rn+1. When a mean curvature flow starts from a
closed embedded hypersurface in Rn+1 with only generic singularities, Colding-Minicozzi
The author is supported partially by 15ZR1402200. He would like to thank Haslhofer for discussion on
non-compactness of translating solitons in the previous edition. He also would like to thank the referees
for various suggestions to make this paper more readable.
1
2 QI DING
[5] showed that their space-time singular set is contained in finitely many compact em-
bedded (n− 1)-dimensional Lipschitz submanifolds plus a set of dimension n− 2 at most.
When the initial hypersurface is mean convex in an n-dimensional smooth manifold
Σ, mean convexity is preserved by mean curvature flow (M,K) in Σ in view of [15]. Let
(M′,K′) be any limit flow if n ≤ 7 or a special limit flow if n > 7, where K′ : t ∈
R 7→ K ′t (see [16] for the definition). Then K ′t is convex for every t showed by White [16].
Furthermore, if (M′,K′) is backwardly self-similar, then it is either (i) a static multiplicity
1 plane or (ii) a shrinking sphere or cylinder [16]. In this paper, we will show that K ′t is
convex for every t if (M′,K′) is any limit flow for n > 7 and the flow M converges to a
smooth hypersurface (maybe empty) at infinity.
Theorem 1.1. Let M : t ∈ [0,∞) 7→Mt be a mean curvature flow starting from a mean
convex, smooth hypersurface in a complete smooth manifold. If limt→∞ (∪s>tMs) (maybe
empty) is a smooth hypersurface, then all the subsequent singularities of M must have
convex type.
Our proof heavily depends on Ilmanen’s elliptic regularization and White’s work on
motion by mean curvature, where we give a delicate analysis for the second fundamental
form of the corresponding translating soliton related to the considered mean curvature flow
in a manifold. If either Σ has nonnegative Ricci curvature or Σ is simply connected with
nonpositive sectional curvature, we can remove the smooth condition on the hypersurface
limt→∞ (∪s>tMs), and get the same conclusion (see Corollary 3.3). This can be thought of
as a generalization of Theorem 3 of White [18]. After this paper, Haslhofer-Hershkovits [7]
got structure theorem of singularities of mean convex mean curvature flows in Riemannian
manifolds by another method independently, where even they do not need the smooth
condition of the flows at infinity.
2. Translating solitons for mean curvature flow
Let (Σ, σ) be an n-dimensional smooth complete manifold with Riemannian metric
σ =
∑n
i,j=1 σijdxidxj in a local coordinate. Let N denote the product space Σ × R with
the product metric
σ + dt2 =
∑
i,j
σijdxidxj + dt
2.
Let 〈·, ·〉 and ∇ denote the inner product and the Levi-Civita connection of N with respect
to its metric, respectively. Set (σij) be the inverse matrix of (σij). Let ∂xi and En+1 be the
dual frame of dxi and dt, respectively. DenoteDf =
∑
i,j σ
ijfi∂xj and |Df |2 =
∑
i,j σ
ijfifj
for any C1-function f on Σ. Let divΣ be the divergence of Σ. Let R and Ric denote the
curvature tensor and Ricci curvature of Σ, respectively. Let R and Ric be the curvature
tensor and the Ricci curvature of N = Σ× R, respectively.
Let S be an n-dimensional smooth graph in Σ × R with the graphic function u and
the induced metric g. In a local coordinate, g = gijdxidxj = (σij + uiuj) dxidxj , and
then gij = σij − uiuj1+|Du|2 , where ui = σjkuk. Let ∆, ∇ be the Laplacian and Levi-Civita
connection of (S, g), respectively. Let ν denote the unit normal vector field of M in N
defined by
(2.1) ν =
1√
1 + |Du|2 (−Du+ En+1).
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Now we assume that S is a translating soliton satisfying the following equation
(2.2) H + λ〈En+1, ν〉 = 0
for some constant λ > 0. The equation (2.2) is equivalent to
(2.3) divΣ
(
Du√
1 + |Du|2
)
+
λ√
1 + |Du|2 = 0.
In a local coordinate, the equality (2.3) can be rewritten as
(2.4)
n∑
i,j=1
(
σij − u
iuj
1 + |Du|2
)
ui,j + λ = 0,
where ui,j is the covariant derivative on Σ with respect to ∂xi , ∂xj . Analog to Theorem
4.3 in [19], S is an area-minimizing hypersurface with the weight e−λxn+1 in Σ × R. By
∇u = Du− 〈Du, ν〉ν and (2.1), we get
(2.5) 〈En+1,∇u〉 = −〈Du, ν〉〈En+1, ν〉 = |Du|
2
1 + |Du|2 = |∇u|
2.
Choose a local orthonormal frame field {ei}ni=1 in S, which is a normal basis at the
considered point. Set the coefficients of the second fundamental form hij = 〈∇eiej , ν〉
and the squared norm of the second fundamental form |A|2 = ∑i,j hijhij . Then the
mean curvature H =
∑
i hii. Denote ∇i = ∇ei and Rνjik = 〈Rνjei, ek〉 = 〈−∇ν∇ejei +
∇ej∇νei +∇[ν,ej ]ei, ek〉. From (2.2) and Codazzi equation hjk,i − hji,k = −Rνjki, we have
(2.6)
∇i∇jH =− λ∇i〈En+1,∇ejν〉 = λ∇i (〈En+1, ek〉hjk)
=λ〈En+1, ν〉hikhjk + λ〈En+1, ek〉hjk,i
=λ〈En+1, ν〉hikhjk + λ〈En+1, ek〉hji,k − λ〈En+1, ek〉Rνjki
=λ〈En+1, ν〉hikhjk + λ〈En+1,∇hij〉 − λ〈En+1, ek〉Rνjki.
By Simons’ identity (see [20] for instance), we have
(2.7)
∆hij =∇i∇jH +Hhikhjk − |A|2hij +HRνiνj − hijRic(ν, ν)
+Rkikphjp +Rkjkphip +Rkijphkp +Rpjikhkp +∇kRνjik +∇iRνkjk.
From (2.2), substituting (2.6) to (2.7) we get
(2.8)
∆hij =λ〈En+1,∇hij〉 − |A|2hij − λ〈En+1, ek〉Rνjki +HRνiνj − hijRic(ν, ν)
+Rkikphjp +Rkjkphip +Rkijphkp +Rpjikhkp +∇kRνjik +∇iRνkjk.
Since N is a product manifold with the product metric, then 〈Rνjei, En+1〉 = 0 by Ap-
pendix A of [13]. Hence
−λ〈En+1, ek〉Rνjki = λ
〈
Rνjei, En+1 − 〈En+1, ν〉ν
〉
= −λ〈En+1, ν〉
〈
Rνjei, ν
〉
= HRνjiν .
Then we obtain
(2.9)
∆hij =λ〈En+1,∇hij〉 − |A|2hij − hijRic(ν, ν)
+Rkikphjp +Rkjkphip + 2Rkijphkp +∇kRνjik +∇iRνkjk.
and
(2.10) ∆H =λ〈En+1,∇H〉 −
(|A|2 +Ric(ν, ν))H.
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Let η be a smooth function on R satisfying that η(t) = t for t ∈ (−∞, 1], 1 ≤ η ≤ 2
on (1, 3), η ≡ 2 on [3,∞), 0 ≤ η′ ≤ 1 and η′′ ≤ 0 on R. Set ηα(t) = αη
(
t
α
)
on R for
any α > 0. Assume that Ω is a domain in Σ with positive mean curvature boundary ∂Ω.
Then there is an area-minimizing hypersurface Sλ,α with the weight e
−ληα(xn+1) in Ω×R
with ∂Sλ,α = ∂Ω×{0} for λ > 0. Note that ηα has a finite upper bound, so it is not hard
to see that Sλ,α is compact. In particular, Sλ,α satisfies the following equation
(2.11) H + λη′α〈En+1, ν〉 = 0,
where ν is the unit normal vector of Sλ,α. If Sλ,α is a graph over some open set with the
graphic function w, the equation (2.11) can be rewritten as
(2.12)
n∑
i,j=1
(
σij − w
iwj
1 + |Dw|2
)
wi,j + λη
′
α(w) = 0
in a local coordinate.
Now let’s show that Sλ,α is a graph over Ω by White’s argument [18]. Let Sλ,α(t) =
{X−tEn+1|X ∈ Sλ,α} for any t ∈ R. Let tm be the smallest nonnegative number such that
Sλ,α(tm) intersects Sλ,α in the interior. If tm = 0, then clearly Sλ,α is a graph. If tm > 0,
the two hypersurfaces Sλ,α and Sλ,α(tm) touch at an interior point X = (x, t) ∈ Ω × R.
Hence the tangent cones to Sλ,α and to Sλ,α(tm) at X, respectively, both lie in halfspaces
and are therefore a same hyperplane. So X is a regular point of Sλ,α and Sλ,α(tm),
respectively. Sλ,α(tm) satisfies the equation
H + λη′α(·+ tm)〈En+1, ν〉 = 0.
Namely, Sλ,α(tm) can be written as a graph over some neighborhood of x with a graphic
function w˜ satisfying
(2.13)
n∑
i,j=1
(
σij − w˜
iw˜j
1 + |Dw˜|2
)
w˜i,j + λη
′
α(w˜ + tm) = 0.
Let ϕ = w− w˜, then ϕ = 0 at x and ϕ ≥ 0 in some neighborhood of x as Sλ,α(tm) is below
Sλ,α. Moreover,
(2.14)∑
i,j
(
σij − ∂
iw∂jw
1 + |Dw|2
)
ϕi,j = −λη′α(w) −
∑
i,j
(
σij − ∂
iw∂jw
1 + |Dw|2
)
w˜i,j
=− λη′α(w) + λη′α(w˜ + tm) +
∑
i,j
(
∂iw∂jw
1 + |Dw|2 −
∂iw˜∂jw˜
1 + |Dw˜|2
)
w˜i,j
=− λη′α(w) + λη′α(w˜ + tm) +
∑
i,j
(
∂iw∂jw − ∂iw˜∂jw˜
1 + |Dw˜|2 +
∂iw∂jw
1 + |Dw|2 −
∂iw∂jw
1 + |Dw˜|2
)
w˜i,j
=− λη′α(w) + λη′α(w˜ + tm) +
∑
i,j
∂iϕ∂jw + ∂iw˜∂jϕ
1 + |Dw˜|2 w˜i,j
− ∂
iw∂jw w˜i,j
(1 + |Dw|2) (1 + |Dw˜|2)〈D(w + w˜),Dϕ〉.
Combining η′′α ≤ 0 and tm > 0, we conclude that Sλ,α and Sλ,α(tm) lie in parallel vertical
planes by the strong maximum principle at x. However, it is impossible. So Sλ,α is a
smooth graph over Ω, which minimizes the weighted area with the weight e−ληα(xn+1) and
with boundary ∂Ω× {0} in Ω×R. Moreover, if uλ,α is the graphic function of Sλ,α, then
uλ,α ≥ 0 by maximum principle.
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Set d(x) = d(x, ∂Ω) for all x ∈ Ω, and Ωt = {x ∈ Ω| d(x) > t} for t ≥ 0. There is
a constant 0 < ǫ < 1 such that ∂Ωt is smooth with mean curvature H (x, t) ≥ ǫ for any
x ∈ ∂Ωt and 0 ≤ t < ǫ, and d is smooth on Ω \ Ωǫ.
Lemma 2.1. Let uλ,α be a smooth solution to (2.12) on Ω with uλ,α = 0 on ∂Ω for any
λ, α > 0, then we have the following boundary gradient estimate:
|Duλ,α| ≤ ǫ−1(λ+ 1) on ∂Ω.
Proof. Let {ei}ni=1 be an orthonormal vector field tangent to ∂Ωt at a considered point
x ∈ ∂Ωt, and denote en be the unit normal vector field to ∂Ωt so that en points into Ωt.
Since d is a constant on ∂Ωt, then at x we get
(2.15)
n−1∑
i=1
(
DeiDei − (Deiei)T
)
d = 0,
and (DenDen −Denen) d = 0, where (· · · )T denotes the projection into the tangent bundle
of ∂Ωt. Hence at x one has
(2.16)
∆Σd =
n∑
i=1
(DeiDei −Deiei) d = −
n−1∑
i=1
〈Deiei, en〉Dend+ (DenDen −Denen) d
=−
n−1∑
i=1
〈Deiei, en〉 = −H (x, t).
Set Φ = φ(d) = −(λ + 1) log (1− ǫ−1d). Then φ′ = (λ + 1)(ǫ − d)−1 and φ′′ =
(λ+ 1)(ǫ− d)−2. Together with (2.3), (2.16) and H ≥ ǫ, on Ω \Ωǫ we conclude that
(2.17)
divΣ
(
DΦ√
1 + |DΦ|2
)
= divΣ
(
φ′Dd√
1 + |φ′|2
)
=
φ′√
1 + |φ′|2∆Σd+
φ′′
(1 + |φ′|2) 32
=
−H√
1 + (λ+ 1)−2(ǫ− d)2 +
(λ+ 1)−2(ǫ− d)
(1 + (λ+ 1)−2(ǫ− d)2) 32
≤ −ǫ√
1 + (λ+ 1)−2(ǫ− d)2 +
ǫ(λ+ 1)−2
(1 + (λ+ 1)−2(ǫ− d)2) 32
≤ −λ(λ+ 1)
−1ǫ√
1 + (λ+ 1)−2(ǫ− d)2
≤ −λ(λ+ 1)
−1(ǫ− d)√
1 + (λ+ 1)−2(ǫ− d)2 =
−λ√
1 + |DΦ|2 .
Assume that uλ,α is a smooth solution to (2.12) on Ω with uλ,α = 0 on ∂Ω for any λ, α > 0.
Analog to (2.14), 0 ≤ uλ,α ≤ Φ on Ω \ Ωǫ by comparison principle. Then
(2.18) |Duλ,α| ≤ |DΦ| = ǫ−1(λ+ 1) on ∂Ω.

For α > 0,
(2.19)
∂
∂α
ηα(t) = η
(
t
α
)
− t
α
η′
(
t
α
)
= −
∫ t
α
0
τη′′(τ)dτ ≥ 0.
Similar to (2.14), we conclude that Sλ,β is above Sλ,α for any β > α. Letting α→∞, the
graph Sλ,α converges to a generalized graph Sλ over Ω. Namely, let uλ = limα→∞ uλ,α ≥ 0,
then Sλ = ∂{(x, t)| uλ(x) < t} and uλ is the graphic function of Sλ. Note that {uα =∞}
may be not empty, i.e., Sλ may be not compact. Moreover, Sλ is smooth and satisfies the
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equation (2.2) on {uα < ∞}. Obviously, Sλ is an area-minimizing hypersurface with the
weight e−λxn+1 in Ω× R with boundary ∂Ω× {0}.
3. Proof of the main theorem
Let Ω be a bounded domain in an n-dimensional smooth manifold Σ with smooth mean
convex boundary. Assume that ∂Ω is not a minimal hypersurface in Σ. From [15], there
is a mean curvature (level set) flow M : t ∈ [0,∞) 7→ Mt with M0 = ∂Ω. By maximum
principle, there is a sufficiently small constant ǫ0 > 0 such that Mt has positive mean
curvature everywhere for all 0 < t ≤ ǫ0. Without loss of generality, we assume that ∂Ω
has positive mean curvature everywhere.
Denote Ft(Ω) be a domain in Ω with ∂Ft(Ω) = Mt for t ∈ [0,∞). By [15], Ft(Ω) is
mean convex for each t ∈ [0,∞), and Mt ∩Mt+τ = ∅, Ft+τ (Ω) ⊂ interior(Ft(Ω)) for all
0 ≤ t < t + τ < ∞. Let v : ⋃t≥0Mt → R be the function such that v(x) = t for each
x ∈Mt. Then v satisfies
(3.1) divΣ
(
Dv
|Dv|
)
+
1
|Dv| = 0
in the viscosity sense. Set Ω∞ =
⋂
t>0 Ft(Ω) andM∞ = ∂Ω∞. By [15],M∞(maybe empty)
has finitely many connected components, and the boundary of each component is a stable
minimal variety whose singular set has Hausdorff dimension ≤ n − 8. Let the parabolic
Hausdorff dimension of a set E ⊂ Σ×R be the Hausdorff dimension of E with respect to
parabolic distance
distP ((x, t), (y, τ)) = max{d(x, y), |t − τ |1/2},
where d(·, ·) is the distance function on Σ. Let S˜ be the spacetime singular set of M
defined in [15]. Then the parabolic Hausdorff dimension of S˜ is at most n − 2 by [15].
Denote S = {x ∈ Ω| there exists a t > 0 such that (x, t) ∈ S˜}.
Now we assume that M∞ is smooth. Then the mean curvature flow Mt converges
smoothly M∞ as t → ∞. So there is an open set K with K ⊂ Ω \ Ω∞ such that S ⊂ K
and v is smooth on K \ S.
From the previous argument, there is a translating soliton Sλ whose graphic function
uλ is a generalized function on Ω satisfying (2.3) on {uλ <∞} and uλ = 0 on ∂Ω for any
λ > 0. Then
t ∈ R→ (Sλ)t , graph(uλ − λt)
is a family of smooth hypersurfaces in Ω × R moving by mean curvature. Analog to the
proof of Theorem 3 in [18], set Uλ : Ω× R→ R by
Uλ(x, y) = λ
−1 (uλ(x)− y) ,
and U : Ω× R→ R by
U(x, y) = v(x).
As λ → ∞, the mean curvature flows t ∈ [0,∞) → (Sλ)t converge as brakke flows to the
flow t→Mt×R by elliptic regularization [12] and uniqueness of viscosity solution v. Since
U−1λ (t) ∩ {y = τ} = (Sλ)t ∩ {y = τ} and v−1(t) ∩ {y = τ} = Mt for all t, τ ≥ 0, then
Uλ converges as λ → ∞ uniformly to U on K. Namely, λ−1uλ converges uniformly to v
on K. By the local regularity theorem in [17] (or by Brakke’s regularity theorem in [2]),
λ−1uλ converges as λ→∞ to v smoothly on K \ S.
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Let Hλ be the mean curvature of Sλ. By
Hλ = − λ√
1 + |Duλ|2
= − 1√
λ−2 + λ−2|Duλ|2
,
and λ−1uλ converges uniformly to v on K, there is a small constant 0 < δ < 1 independent
of λ ≥ 1 such that
(3.2) Hλ ≤ −δ on K for every λ ≥ 1.
Denote |Aλ|2 be the square norm of the second fundamental form of Sλ. Choose a local
orthonormal frame field {ei}ni=1 in Sλ, which is a normal basis at the considered point.
Combining (2.9) and (2.10), for any constant γ we obtain
(3.3)
∆ (hij + γHλ) = 〈λEn+1,∇ (hij + γHλ)〉 −
(|Aλ|2 +Ric(ν, ν)) (hij + γHλ)
+Rkikphjp +Rkjkphip + 2Rkijphkp +∇kRνjik +∇iRνkjk
on K. Obviously, |Aλ|2 ≥ 1n |Hλ|2 ≥ 1nδ2 on K by (3.2), then there is a positive constant
C0 depending only on n, δ, |R| and |DR| on Ω such that
(3.4)
∆ (hij + γHλ) ≥〈λEn+1,∇ (hij + γHλ)〉 −
(|Aλ|2 +Ric(ν, ν)) (hij + γHλ)−C0|Aλ|
on K. Here |R|2 =∑i,j,k,l |Rijkl|2 and |DR|2 =∑i,j,k,l,m |DRijkl,m|2.
Lemma 3.1. There is a positive constant γ∗λ ≥ 1 depending only on n, δ, |R|, |DR| on Ω
and inf∂K
(|Aλ|H−1λ ) such that
(3.5) − 1
γ∗λ
Hλ ≤ |Aλ| ≤ −γ∗λHλ on K.
Proof. Let κ1 ≥ κ2 · · · ≥ κn be the principal curvatures of Sλ. Note that κ1 = sup|ξ|=1Aλ(ξ, ξ),
then κ1 is a continuous function on Sλ. Further, for any γ, γ˜ ∈ R,
sup
K
(κ1 + γHλ) ≤ sup
K
(κ1 + γ˜Hλ) + sup
K
((γ − γ˜)Hλ) ,
which implies that supK (κ1 + γHλ) is also a continuous function on γ ∈ R. There is a
constant γ0 depending on inf∂K
(|Aλ|H−1λ ) such that
sup
∂K
(κ1 + γ0Hλ) = 0.
If γ0 < 0, we reset γ0 = 0. Then we choose a constant γ1 such that
sup
K
(κ1 + γ1Hλ) = −1.
We assume γ1 > γ0 +
1
δ , or else we complete the proof. By Hλ ≤ −δ, on ∂K we have
(3.6) κ1 + γ1Hλ = κ1 + γ0Hλ + (γ1 − γ0)Hλ ≤ (γ1 − γ0)Hλ ≤ −(γ1 − γ0)δ < −1.
Hence κ1+γ1H attains its maximum at some point x0 in the interior of K. Choose a local
orthonormal frame {ei} near x0 in Σ which is normal at x0, and denote hij = h(ei, ej)
as mentioned before. Let ξ =
∑
i ξiei
∣∣
p0
be a unit eigenvector of the second fundamental
form corresponding to the eigenvalue κ1(x0) at the point x0, namely, h(ξ, ξ) = κ1(x0).
Then the smooth function κˆ1 ,
∑
i,j hij
∣∣
x
ξiξj attains the maximum κ1(x0) at x0 in a
neighborhood of x0. From (3.4), we obtain
(3.7)
∆ (κˆ1 + γHλ) ≥〈λEn+1,∇ (κˆ1 + γHλ)〉 −
(|Aλ|2 +Ric(ν, ν)) (κˆ1 + γHλ)− C0|Aλ|.
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By maximum principle for (3.7), at x0 we have
(3.8) 0 ≥ − (|Aλ|2 +Ric(ν, ν)) (κˆ1 + γ1Hλ)− C0|Aλ| = |Aλ|2 +Ric(ν, ν)− C0|Aλ|.
Let c0 = min
{
0, inf |ξ|=1,x∈ΩRic
∣∣
x
(ξ, ξ)
}
. Then (3.8) implies that at x0
(3.9) |Aλ| ≤ C0
2
+
√
C20
4
− c0 ≤ C0 +
√−c0.
On the other hand, by (3.2) at x0 one has
(3.10) −1 = κ1 + γ1Hλ ≤ |Aλ|+ γ1Hλ ≤ |Aλ| − γ1δ.
Combining (3.9)(3.10) and the assumption γ1 > γ0 +
1
δ , we obtain
(3.11) γ1 ≤ γ0 + 1
δ
(
C0 +
√−c0 + 1
)
.
According to the definition of γ1 and κi, κ1 + γ1Hλ ≤ −1 < 0 on K, which implies that
(3.12) κn = Hλ −
n−1∑
i=1
κi ≥ Hλ − (n− 1)κ1 ≥ (1 + (n − 1)γ1)Hλ.
Hence we complete the proof. 
Due to
(3.13)
〈
∇∂xi+∂iuλEn+1(∂xj + ∂juλEn+1),
−Duλ + En+1√
1 + |Duλ|2
〉
=
〈
D∂xi∂xj ,
−Duλ + En+1√
1 + |Duλ|2
〉
+ ∂xi∂xjuλ
〈
En+1,
−Duλ + En+1√
1 + |Duλ|2
〉
=
(
∂xi∂xjuλ − 〈D∂xi∂xj ,Duλ〉
) 1√
1 + |Duλ|2
=
(uλ)i,j√
1 + |Duλ|2
,
we have
(3.14)
|Aλ|2 =
∑
i,j,k,l
(
σij − ∂
iuλ∂
juλ
1 + |Duλ|2
)
(uλ)j,k√
1 + |Duλ|2
(
σkl − ∂
kuλ∂
luλ
1 + |Duλ|2
)
(uλ)l,i√
1 + |Duλ|2
.
Now let’s show the main theorem.
Theorem 3.2. Let M : t ∈ [0,∞) 7→ Mt be a mean curvature flow starting from a
mean convex, smooth hypersurface in an n-dimensional complete smooth manifold Σ. If
limt→∞ (∪s>tMs) (maybe empty) is a smooth hypersurface, then all the singularities of M
have convex type.
Proof. Let v be a viscosity solution to (3.1) on Ω \ Ω∞, then |Dv| > 0 on K \ S. From
(3.14), Hλ converges to divΣ
(
Dv
|Dv|
)
, and
(3.15)
|Aλ|2 =
∑
i,j,k,l
(
σij − ∂
iUλ∂
jUλ
λ−2 + |DUλ|2
)(
σkl − ∂
kUλ∂
lUλ
λ−2 + |DUλ|2
)
(Uλ)j,k(Uλ)l,i
λ−2 + |DUλ|2
→ |A∞|2 ,
∑
i,j,k,l
(
σij − ∂
iv∂jv
|Dv|2
)
vj,k
|Dv|
(
σkl − ∂
kv∂lv
|Dv|2
)
vl,i
|Dv| as λ→∞
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on K \ S smoothly. Here −divΣ
(
Dv
|Dv|
)
and |A∞|2 are the mean curvature and the square
norm of the second fundamental form for the level set of v in K \ S, repsectively. Since
∂K ∩ S = ∅, we conclude that inf∂K
(|Aλ|H−1λ ) is uniformly bounded for any λ ≥ 1,
and then γ∗λ in Lemma 3.1 is bounded by an absolute constant γ
∗ independent of λ ≥ 1.
Namely, by Lemma 3.1 we have
− 1
γ∗
Hλ ≤ |Aλ| ≤ −γ∗Hλ on K.
Hence we obtain that
(3.16) − 1
γ∗
divΣ
(
Dv
|Dv|
)
≤ |A∞| ≤ −γ∗divΣ
(
Dv
|Dv|
)
on K \ S.
According to appendix B in [18], we complete the proof. 
(i) Assume that Σ has nonnegative Ricci curvature in Theorem 3.2. From (2.6), we
have
(3.17) ∆〈En+1, ν〉 = −〈En+1,∇H〉 −
(|A|2 +Ric(ν, ν))〈En+1, ν〉.
Let Sλ,α be a smooth graph with the graphic function uλ,α satisfying (2.11). Combining
(2.5), one has
(3.18)
∆〈En+1, ν〉 = λη′α〈En+1,∇〈En+1, ν〉〉 −
(|A|2 +Ric(ν, ν)− λη′′α|∇uλ,α|2)〈En+1, ν〉.
Then by maximum principle for the above equation we have
sup
Ω
√
1 + |Duλ,α|2 ≤ sup
∂Ω
√
1 + |Duλ,α|2.
Combining the estimate (2.18), 1λ+1 |Duλ,α| is uniformly bounded on Ω independent of
λ, α > 0 as well as 1λ+1uλ,α. Hence the graphuλ is a bounded graph with uλ = limα→∞ uλ,α.
Since 1λuλ converges to v as λ → ∞ on any compact set Q in Ω \ Ω∞, we get that v is
bounded on Q by a constant independent of Q. Hence the mean curvature flow M in
Theorem 3.2 must vanish in finite time.
(ii) If Σ is simply connected with nonpositive sectional curvature in Theorem 3.2, then
we claim
(3.19) sup
t∈(0,∞)
(
(1 + t)−1 sup
x∈Ω
ut(x)
)
<∞.
Let’s prove it by contradiction. If (3.19) fails, there are sequence ti > 0 and αi →∞ such
that (1 + ti)
−1 supΩ uti,αi →∞ as i→∞, where uti,αi is a smooth solution to (2.12) with
λ, α replaced by ti, αi, respectively. We define si , supΩ uti,αi and ûti = s
−1
i uti,αi , then
(3.20) divΣ
 Dûti√
s−2i + |Dûti |2
+ tiη′αi
si
√
s−2i + |Dûti |2
= 0.
On the other hand, there is a point xti ∈ Ω such that ûti(xti) = 1. Let ρxti (x) = d(x, xti)
for any x ∈ Ω, then ρ2xti is smooth on Σ. By Hessian comparison theorem, we have
∆Σρ
2
xti
≥ 2n.
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Set Λ = 2diam(Ω) > 0. Note (1 + ti)
−1si → ∞ as i → ∞. Hence for sufficiently large
i > 0
(3.21)
divΣ
 D
(
1
2 − Λ−2ρ2xti
)
√
s−2i +
∣∣∣D ( 12 − Λ−2ρ2xti)∣∣∣2
+ ti
si
√
s−2i +
∣∣∣D (12 − Λ−2ρ2xti)∣∣∣2
≤
−Λ−2∆Σρ2xti√
s−2i + 4Λ
−4ρ2xti
+
8Λ−6ρ2xti(
s−2i + 4Λ
−4ρ2xti
) 3
2
+
ti
si
√
s−2i + 4Λ
−4ρ2xti
≤− 2nΛ
−2√
s−2i + 4Λ
−4ρ2xti
+
8Λ−6ρ2xti(
s−2i + 4Λ
−4ρ2xti
) 3
2
+
ti
si
√
s−2i + 4Λ
−4ρ2xti
≤−2(n − 1)Λ
−2si + ti
si
√
s−2i + 4Λ
−4ρ2xti
< 0.
Let E be an open set defined by {x ∈ Ω| ûti > 12 − Λ−2ρ2xti}. Since ûti(xti) = 1 and
1
2 − Λ−2ρ2xti > 0 = ûti on ∂Ω, then ûti −
1
2 + Λ
−2ρ2xti
= 0 on ∂E . Analog to (2.14),
ûti− 12+Λ−2ρ2xti attains its maximum on E at the boundary ∂E by the maximum principle
for (3.20) and (3.21). So we get a contradiction as ûti − 12 + Λ−2ρ2xti = 0 on ∂E , and the
claim (3.19) holds.
So (1 + t)−1 supΩ |ut| is uniformly bounded independent of t > 0, which implies that v
is bounded and the mean curvature flow M in Theorem 3.2 must vanish in finite time.
Therefore, from Theorem 3.2 we can get the following corollary.
Corollary 3.3. Let M : t ∈ [0,∞) 7→Mt be a mean curvature flow starting from a mean
convex, smooth hypersurface in an n-dimensional complete smooth manifold Σ. If either
Σ has nonnegative Ricci curvature or Σ is simply connected with nonpositive sectional
curvature, then all the singularities of M have convex type.
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